
(

<br>

St

<br>

4 th som maths
<br>

un't Groups ycli goups

<br>

pay tspirent

<br>

ndameatal'cheortn f Cyie sosgreg

<br>

at end pne faite Subgoup Tet

<br>

yelie

<br>

Blate

<br>

Dalo

<br>

Pago

<br>

MY BEST BOOK

<br>

State and pro ve fndamete

<br>

theo rem

<br>

hes iofiak order

<br>

hasfinite: order hes

<br>

2

<br>



Remainlngp
<br>

peothflowto

<br>

atusetisn Sibqrapsà gain

<br>

Jhere

<br>

tr SocKS -shous prepert

<br>

Canccllatia9 laws

<br>

OY

<br>

agaia a

<br>

and bane 2 element a abolian g0up G

<br>

n

<br>

meli

<br>

nger muttipliut

<br>

ayb=atbtab ) ST

<br>

abeliani gop

<br>

be an eement order 9 dg gop

<br>

num

<br>



Binay peratvn.

<br>

Clasure

<br>

preperty

<br>

unigueney

<br>

Knverge

<br>

afel a

<br>

Asoctativik

<br>

fnvene

<br>

one'Tdentibyelonest

<br>

Dale

<br>

Canceilakian

<br>

Page

<br>

pepertieg

<br>

MY BEST BOOK

<br>

ro pertiy houps

<br>

ba= Ca

<br>

Ihvese

<br>

aja'ca that

<br>

ata'a'aefae

<br>

Tdeatity

<br>

(entelL

<br>

(aw

<br>

Qye=

<br>

eka-a

<br>

SoCES-Shoes

<br>

(ab)

<br>



elian

<br>

y abel| ar

<br>

Gmup

<br>

with

<br>

whee

<br>

finite

<br>

clementg

<br>

a ginup

<br>

tis sukcet

<br>

UndorSa ma

<br>

operatio 99/g

<br>

(t15G)

<br>

yerderGnip iuaber clmt

<br>

2oder elonst a|=n

<br>

a

<br>

aje ka

<br>



1.

<br>

2.

<br>

3.

<br>

4.

<br>

5.

<br>

6.

<br>

7.

<br>

Binary Operations
<br>

(i)

<br>

A binary operation (+) on any set G is a mapping * :GxG-> Gic
the Cartesian

product
ofG

<br>

(ii) +,-, are the binary operations on integers.

<br>

(iii) Division is nol a binary operation.

<br>

itself. It is as denoted by 0,., cle.

<br>

Groups

<br>

A group<G, *> can be delined as non cmply aset 'G' which is closed

<br>

()

<br>

that, at it satisfies thc following propcrties.

<br>

(i)

<br>

Associntivity

<br>

(il) Identity

<br>

(ii)

<br>

(a * b) * c-a* (b * c), ta, b, ce G.

<br>

(iii) Inverse

<br>

There cxists an clement e' in the set 'G, such that, e *a=a*e=a ae G. Where eis ho :,

<br>

in G.

<br>

Elementary Properties of Groups

<br>

There cxists an element a' in G for each a e Gsuch that a * a'=a'*a=e.

<br>

Where a' is the inverse of a.

<br>

Uniquencss of the ldentity

<br>

It states that "In a group G, there exists only one identity element".

<br>

Canccllation Laws

<br>

Let, a, bc be the elcments of a group G.

<br>

ba = ca b=c (Right cancellation law)

<br>

ab = ac h=c (Left cancellation law).

<br>

(iiü) Uniqueness of Inverse

<br>

(iv) Socks-Shoes Property

<br>

It states that "For each element a in agroup G, there is a unique element b in G such that

<br>

ab = ba = e".

<br>

Ifa, bare the elements ofa group G, then

<br>

(ab)l = b'a'.

<br>

Abelian Group

<br>

A group (G, *) is said to be an abelian if it satisfies commutative property.

<br>

i.e., a * b=b* a, a, be G.

<br>

Order of a Group

<br>

under a binary operalion

<br>

The order of a group is the number of elements of a group G. It is denoted as I GL

<br>

Order of an Element of a Group

<br>

The order of an element of a group G is the smallest positive integer 'n' such that a=e.

<br>

It is denoted by |al=n

<br>

Center of a Group

<br>

n(*),sug

<br>

The set of all ae Gihat commute with every element of G is called center ofa group G. It is denot

<br>
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group is cyclic.
<br>

AnsNer :

<br>

Cyclic Group

<br>

A group Gis cyclic ifthere exists

<br>

an clenent a E G Such that G = alnEI

<br>

Z}. where a is a generator of G. i.c., G=

<br>

sa>={a"|nE Z} 1s a cyclic group.

<br>

Proof

<br> every subgroup of a cyclic
<br>

Let, 'G be the cyclic group generatcd by a'.

<br>

G=< a>

<br>

ket be a subgroup of'G

<br>

Every element of H is also an element ofG

<br>

a' E H for some n €
Z+

<br>

Let g be the smallest integer in Z' such that E H

<br>

be Hbe G

<br><br>

From division algorithm, there exist two unique

<br>

integers 's and r' such that.

<br><br>

b= a for d E Z

<br>

d= qs +r, for 0r<q

<br>

= (a) a

<br>

But a E H (a}e H

<br>

10 prove SG iy Lycli

<br>

a ae H

<br>

at, age H.

<br>

a ase H

<br>

ayse H

<br>

ae Hfor 0Sr<q

<br>

d= qs

<br>

This is a contradiction unless r=0

<br>

H=<a>

<br>

[:: aeH, a' e H

<br>

Thus,b = =(a)be (a)

<br>

His cyclic.

<br>



Point
le

<br>

Let,

<br>

Let H be any subgroup of <a>

<br>

Where,

<br>

I<a>l=n

<br>

H=<

<br>

m is the least positive integer such that c"E H

<br>

From the property ofcyclic group i.e.,

<br>

If |<a>|=n thena=e

<br>

As,

<br>

Let b be any arbitrary member ofH

<br>

Let b
for some k

<br>

From division algorithm,

<br>

k=nq+r

<br>

a=

<br>

Hence, the order of any subgroup of < a> is a

<br>

divisor of n

<br>

Then,

<br>

Let k represents the positive divisor of n

<br>

From the property ofcyclic groups i.e., ifa is an

<br>

elément oforder n in a group and k is a positive integer,

<br>

then

<br>

<a>=<a sdri) >

<br>

<a> has order

<br>

Where,

<br>

'::r=01

<br>

But H=< g>

<br>

gcd(n, k)

<br>

gcd(n, ) #

<br>

fadamctt

<br>

Let H is a subgroup of < a >

<br>

m isa divisor ofn

<br>

m=gcd (n, m)

<br>

k= lam

<br>

- lascdla, m) =

<br>

of order k i., <o

<br>

»H=<am>= <a>

<br>

and

<br>

gcd(n, m)

<br>

Hence, the group <a> has exactly one subgroup

<br>

> for each positive divisor k of n.

<br>



Q64. Prove that nth roots of unity form a cyclic

<br>

group of order n'.

<br>

Answer :

<br>

From the standard identities of trigonometry,

<br>

1=cos0 +i sin0

<br>

1=cos (2Ttk) + i sin (2tk)

<br>

Where,

<br>

k=0, 1, 2, .., (n-1)

<br>

1# = [cos(2rk) + i sin (2rk)]n

<br>

2k

<br>

11 = coS+i sin

<br>

1ln =p2nkln

<br>

[:: cos 0+isin =e

<br>

The nth root ofunity is given as,

<br>

27d

<br>

eznin where,k=0; 1, 2,.., (n-1)

<br>

Let, G= fa= 1, o', o,..., o, where

<br>

o= ein for k= 0,1,2,.,(n -1)

<br>

Gis a group under multiplication.

<br>

Moreover, o'= 1e

<br>

G=<o>

<br>

o²= 0.o

<br>

= 0, 0.0....O,(n -1) times

<br>

Therefore, every element of G is a power of o

<br>

"G is acyclic group of order 'n'.

<br>
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order:

<br>

(ii)

<br> Comp!<br>

ij=0

<br>

a'aifand only ifi=j when a hasinfinite

<br>

Case ):<a>=e, a, a,., }

<br>

Let, n be the order of a.

<br>

From division algorithm,

<br>

Let a represents an arbitrary member of cyclic

<br>

group <a>,

<br>

is the least positive integer such that.

<br>

k'= ng +rwith 0sr<n

<br>

ah=ag tr

<br>

= e. a

<br>

=e.a

<br>

= d0sr<n

<br>

fa, a', a', a', .....
a'-}

<br>

1l terms on both sides,
<br>

k lies between 0 and n i.e., 1, 2,3, 4.5,........n

<br>

(e, a, a, a, ..
g-}

<br>

<a>= {fe, a, a', a, .......
a'}

<br>

a-j=e

<br>

<a>= {e, a, a', a', .......

<br>

Case (ii) :ndivides (i -j)

<br>

Let, a' = d and i>j

<br>

ang+r=e

<br>

ah9,a =e

<br>

i-j = nq t;, with 0sr<n

<br>

(a.a=e

<br>

(e).a=e

<br>

e.a'=e

<br>

a=e

<br>

[::: From cquation (2)]

<br>

r=)

<br>

[:: From cquation (1)]

<br>

n divides i-j

<br>

.. (1)

<br>

hasfiniteorder

<br>

..(2)

<br>

Substituting r= 0 in equation (3).

<br>

i-j= nq+0

<br>

i-j=ing where,qeZ

<br>

[':: From equation (2)]

<br>

...(3)

<br>

[: From equation (1)]

<br>

a'=difand only ifn divides i-j when 'a

<br>
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(i)

<br>

(ii)

<br>

(iii)

<br>

(iv)

<br>

in G

<br>

Given,
<br>

(i)

<br>

H isa non empty subset of G

<br>

(i)

<br>

Let, abe H a, be H

<br>

a, b e H

<br>

ab-l e H

<br>

Let, b =a

<br>

aa' e H

<br>

ee H

<br>

e e H, aeH

<br>

eal e H

<br>

ee H,be H

<br>

eb-l e H

<br>

b-l eH

<br>

ae H, be H a b-! e H

<br>

Let, b = b-1

<br>

a(b') e H

<br>

ab e H

<br>

The closure property is satisfied in H

<br>

i.e., All elements of H are in G and the

<br>

composition is associative in G and H.

<br>

a, b, c eH a, b, ce G

<br>

a(bc) = (ab)C

<br>

Hence, H forms a group with the same operation

<br>

Converse: Let H be a subgtoup.

<br>

His a subgroup of G.

<br>

By closure axiom: a, be Hab

<br>

H

<br>

By inverse axiom: a, b e H a' e H, bleH

<br>

ae H, b-le H ab-! e H.

<br>
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bA9: )Let G be a group and H,K be two
<br>

subgrOups oi G. Then show that

<br>

HK ={hk]h e H, kek} is a subgroup of G.

<br>

Answer :

<br>

Given,

<br>

G is a group

<br>

H,X are two subgroups of G

<br>

HK= {hkh e H, ke K}

<br>

Let a, b be any two elements ofHK

<br>

i.e., a,b e HK

<br>

a=h,k,, b=h,k,

<br>

Where,

<br>

Condition 1

<br>

h,, h, = he H

<br>

k, k, =keK

<br>

(OU) June-18, Q9(a)(i)

<br>

The product of the two elements of His itself an

<br>

element ofH.

<br>

ab =h,k,: h,k,

<br>

=h,h,k,k,

<br>

=hk e HK

<br>

ab e HK

<br>



Condition 2
<br>

The iderntity elenment, e e HR

<br>

Condition 3

<br>

The inverse of an element of H, K is itself an

<br>

lement ofH, K

<br>

Since,

<br>

nn, e H and Å,, e

<br>

Also al=(i,*)=

<br>

(ab)= rb

<br>

=K, ,,

<br>

e ÑH= HK

<br>

,

<br>

HK is a subgroup of G.

<br>
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be tWO elements of an
<br>

abelian group and letn be any integer.

<br>

Show that (ab)n = a" b" and hence deduce

<br>

that (ab-1 = a-1 b-1, Is it true for non

<br>

abelian?

<br>

Answer :

<br>

(i))

<br>

Let, G be an abelian group

<br>

Let, a, bare the elements of G.

<br>

a, be G

<br>

Let, n be any integer,

<br>

n isa Positive Integer

<br>

Let, (aby = b"

<br>

Substituting, n = 1 in equation (1),

<br>

(ab)' = ab

<br>

.

<br>

=ab' a, b e G

<br>

Equation (1) is true for n= 1

<br>

Let, equation (1 ) is true for n = k,

<br>

(ab) = a bk

<br>

Consider,

<br>

(abyk*1 = (ab}(ab)

<br>

= bkab

<br>

= (b'a)b

<br>

= d(ab)b

<br>

= da.b¥b

<br>

= atlhk+1

<br>

(ab)+1 = t'hk+ 1

<br>

[:: Using associativity in G]

<br>

[::Gis abelian i.e., ab = ba]

<br>

Hence, equation (1) is true for n=k+ 1

<br>

From mathematical induction,

<br>

... (1)

<br>

(aby"= a'b" is true n e N

<br>



(t)
<br>

n isa Negative lnteger
<br>

intege

<br>

lt is a egative integer, then # is a positive

<br>

Consider,

<br>

Fom the poperty ofgoups,

<br>

(0a) )* (alb)*

<br>

(ab)=(u)

<br>

(ab)

<br>

Substituting, n =-l in above equation,

<br>

|:: Gis abelian)

<br>

a,be G

<br>

(ab) *

<br>

|::(-))]

<br>

(aby

<br>

when G is non abelian.

<br>

(ab)=a'bwhen G is abelian.

<br>

|:: Gis abelian]

<br>

The condition is not true for non-abelian group.

<br>

b when G is abelian and (aby" # b

<br>



Q37/ Prove
<br>

b

<br>

that the set GL(2, R)

<br>

non abelian group with respect to matrix

<br>

multiplication.

<br>

a,b, c,deR, ad- bc 0 is

<br>

Answer :

<br>

Show that GL(2, R)is a non-abelian group

<br>

under matrix multiplication.

<br>

Show that the set

<br>

OR

<br>

Let, A =

<br>

Given set is,

<br>

OR

<br>

||a b]

<br>

GL(2,R)= a, b, c, deR, ad-be # 0

<br>

d

<br>

forms a group under matrix multiplication.

<br>

(OU) MaylJune-19, Q1

<br>

B=

<br>

(MGU) MaylJune-18, Q1

<br>

detA = a,d,-b,c, #0

<br>

(KU) PP-1,Q1

<br>

,deR, ad - bc (

<br>

detB =a,d, - b,c, 0

<br>

b2

<br>

d,

<br>

E GL(2, R)

<br>



Multiplication is closcd in GL(2, )

<br>

Then det(AB) (det A)(det B)

<br>

det(AB)

<br>

i.e.,

<br>

1.C., product of (wo matrices villh

<br>

non-Zero determinant is also amatris witlh

<br>

InOn-zero deteminant.

<br>

Theidentity is

<br>

Associativity of matrices can also be provel.

<br>

The inverse of

<br>

Non-Abelian:

<br>

AB = BA

<br>

AB =

<br>

()

<br>

Considcr,

<br>

0

<br>

BA =

<br>

GL(2, R) is agroup under matrix multiplication.

<br>

AB # BA

<br>

0

<br>

=|-0 =|0

<br>

GL(2, R) is said to be an abclian group if it

<br>

satisfies the following condition

<br>

|a b]

<br>

matrix multiplication.

<br>

is

<br>

ad -

<br>

C

<br>

From cquations (1) and (2),

<br>

d

<br>

+ bc? ay b, + bda|

<br>

GL (2, R) is non-abelian

<br>

... (1)

<br>

... (2)

<br>

Theset GL(2, R) is a non abelian group under

<br>



Answer :

<br>

Given that,

<br>

SL. (2, F) =

<br>

Since,

<br>

(iiü)

<br>

Where F in a field of real, rational or complex

<br>

numbers i.e., F= R, F=0, F=C(or) F= Z where p is

<br>

prime.

<br>

Claim: SL (2, O) is non-abelian group

<br>

Closure

<br>

Qt forms a group under

<br>

multiplication.

<br>

Let A =

<br>

matis
<br>

Consider,

<br>

AB =

<br>

(ii) Associative

<br>

Where, a, b, C, d, & a, b,, C, d, e with

<br>

a, d, - b, c,= 1 and a, d, - b, c, = 1

<br>

AB E SL (2,0)

<br>

and iy nun abellen,g
<br>

For A=

<br>

Let C=

<br>

SL (2, O) is closure.

<br>

with ad -bc=1,

<br>

where a, b, c, d E0|

<br>

Identity

<br>

(A.B).C=A.(B.C)

<br>

SL(2, O) is Associative

<br>

Let, 4- l

<br>

a b,

<br>

e SL (2, )

<br>

Then, there cxist /=

<br>

e SL (2, )

<br>

e SL (2, O)

<br>

..(1)

<br>

(From equation (1)1

<br>

and

<br>

e SL (2, )

<br>

such that A.J= LA =A

<br>

in the identity matrix in SL(2, O).

<br>

(iv)

<br>

Inverse

<br>

Let A = l d SL (2, )

<br>

|4|=a, d,-b, e, =1

<br>

property.

<br>

Then there existA-1 such that AA=A

<br>

Consider.,

<br>

A.A=l,

<br>

Where,

<br>

A- =

<br>

B.A=

<br>

Let, A =

<br>

A-! =

<br>

A.B=|

<br>

(v) Commutative Property

<br>

a, b,

<br>

G d

<br>

=

<br>

Adi(A)

<br>

det (4)

<br>

SL (2, O) is a group

<br>

d -b

<br>

d -b,

<br>

A.B+ B.A

<br>

X**=e

<br>

aa,+ b,c 4b, t b,d,

<br>

a, t dhc, Gb, t dd|

<br>

Given that,

<br>

It is not a commutative

<br>

is the inversematrixo

<br>

and B =

<br>

Thus, SL (2, O) does not satisfies commutatine

<br>

SL (2, O) is non-abelian group.

<br>

[: From equationt

<br>

Q39.) Show that every group G with jdentity

<br>

reG

<br>

Let, a, beG

<br>

Such that x * x=e for allx inG, is abelal.

<br>

AnsWwer :

<br>

ALG

<br>

'Gis a group withidentity 'e' such that,

<br>

a*a-=e andb*b=e

<br>

- and h=b-!

<br>

Oct-13,0

<br>



Since,
<br>

a,b e G

<br>

a* be G

<br>

(a* b) * (a* b) =e

<br>

(a*b) =(a*b) | e is an identity element|

<br>

= h* a

<br>

a* b= b* a a,beG

<br>

'G is an abelian group.

<br>



(Q41.) If * defined on Q by axb=Then show
<br>

that (Q, )is a group.

<br>

Answcr : [March/April-17, Q1 | March/April-14, Q1 | March-12, Q1]

<br>

* is the operation defined on Q+

<br>

such that a* b= a,b e 0*

<br>

2

<br>

(i)

<br>

(ii)

<br>

(iii)

<br>

Given that,

<br>

(iv)

<br>

Q is the set of all positive rational

<br>

number.

<br>

Closure

<br>

For a,b E Q

<br>

Associativity

<br>

For a,b,c e Q*

<br>

asb=

<br>

(a+ b) * c= (c

<br>

()s)-ahe

<br><br>

a* (b *c) =a(9)

<br>

Identity

<br>

For a 9*

<br>

(a* b) * c=a* (b * c)

<br>

in Q".

<br>

a*e =a

<br>

ae =2a

<br>

Inverse

<br>

e* a =

<br>

=a

<br>

e= 2 E 0

<br>

For a E Q*

<br>

=a

<br>

a* a' =e

<br>

aa'

<br>

2

<br>

Therefore, V ae Q, e=2 is an identity element

<br>

a* a' =2

<br>

=2

<br>

abc

<br>

aa' = 4

<br>

2(2)

<br>

4

<br>

a

<br>

2a

<br>

4

<br>

[: eis an identity element]

<br>

[::e=2]

<br>



1

<br>

such that a'

<br>

Answer :

<br>

a*a'= a'%a= e

<br>

Therefore,ae Qt there is an clement a'= -E

<br>

(i)

<br>

4

<br>

(Q42. Let S be the set of all real numbers excep

<br>

-1. Define * on S by a * b= a + b + a

<br>

Show that (S, *) is an abelian group.

<br>

(ii)

<br>

(Q**) is a group.

<br>

(iii)

<br>

is the inyerse of'a'.

<br>

'S is the set of all real numbers

<br>

except -1.

<br>

Given that,

<br>

* is the operation defined on S such

<br>

that a * b=atb+ ab a, be S

<br>

Aset is said to be an abelian group if it satisfies

<br>

the following conditions.

<br>

Let, a, b, ce Swhere a# btc-1.

<br>

Closure

<br>

For a.beS.

<br>

a*batb+ ab e S

<br>

(S, *) is closed under *.

<br>

Associativity

<br>

For a, b, ce S

<br>

[Oct./Nov.-17, Q1 |
March/April-15, Q1

<br>

(a * b) *c=(a+b+ab) * c

<br>

Identity

<br>

Similarly, a * (b * c)=a * (6tc+ bc)

<br>

For a e S,

<br>

=a+ b+ ab + c+ (a+b+ ab) c

<br>

(a* b) * c=a* (b * c)

<br>

* is associative.

<br>

4

<br>

=a+b+ ab+c+ac
+ bc+ abc

<br>

=a+b+c+ ab + bc + ac + abc

<br>

a* e=a

<br>

e=0

<br>

=a+ b+c+ bc + a (b +c+bc)

<br>

=a+ b+c+ bc + ab + ac + abc

<br>

[.a* b=a+b+ ab]

<br>

ate.t ae =a

<br>

e+ ae= 0

<br>

e (1 + a) =0

<br>

[: a- 1]

<br>



(iv)

<br>

V)

<br>

Similarly,
<br>

Ihat a' =

<br>

.tae S, e=0is an identity elernent fot +

<br>

Inyerse

<br>

For a e S,

<br>

a# d'

<br>

a *d

<br>

Similarly,

<br>

1+ a

<br>

atd+ ad' =)

<br>

a'

<br>

d(1 +a) +a=0

<br>

e

<br>

)

<br>

1+a

<br>

d * a-dtat du

<br>

where, a#-1

<br>

J+ a

<br>

Commutativity

<br>

[ a*h=a+bt ab

<br>

d(1+aj =-a

<br>

+ata)

<br>

1+ a

<br>

-4ta=0 =e

<br>

..Vae S, there is an element a' =

<br>

1+a) + a

<br>

is the inverse of'a'.

<br>

.. (S, *) is an abelian group.

<br>

1+a

<br>

e Ssuch

<br>



Q70. Let a be an elenment of order n in a group
<br>

and let k be a positive integer. Thon provo

<br>

n

<br>

that <a'>

<br>

()

<br>

{(MGU) JulylAug.-22, Q8 | (KU) May/Juno-16, Q2(b)]

<br>

OR

<br>

Let G be a group G and a c G Such that

<br>

lal=n. IfK is a positive integer then prove

<br>

that,

<br>

<at> = <avcdn, )> and |lak| =

<br>

Answer :

<br>

Given that,

<br>

If a is an element of order n in a group

<br>

and k be a positive integer, then show

<br>

that <ak> =<avcd(n, > and ja"|= acdn, k)

<br>

such that,

<br>

<aucd(n.M> and |a"| = gcdn, k)'

<br>

lal n

<br>

Let G be a group and aeG is such that

<br>

o(a) =n then show that O(a")= gcd(n, k)

<br>

(where k is a positive integer).

<br>

The clement a has order n i.c.,

<br>

a=e

<br>

OR

<br>

Let, the gcd of n, k be d.

<br>

k= dr

<br>

i.e., d= gcd (n, k)

<br>

Consider,

<br>

OR

<br>

n is the least positive integer

<br>

Let, k = gcd (n, k).r

<br>

d= ns + kt

<br>

Consider,

<br>

gcd(n, k) *

<br>

- (a'y. (dy

<br>

= (y

<br>

(OU) Jan,-21, Q10

<br>

(KU)PP-1, Q9(b)

<br>

(OU) Juno-18, Q9(a)(ii)

<br>

From the property of ged of two numbers., i.c.,

<br>

for any two integers n, k there exist integers s and r such

<br>

that, gcd(n, k) ns + kt

<br>

... (1)

<br>

...
(2)

<br>

[::From equation (1)]

<br>

(3

<br>



(ii)

<br>

E'rom cquations(2) and (3),
<br>

To prove |a'|=

<br>

Consider,

<br>

a

<br>

=e

<br>

a d

<br>

If 'i is a positive integer less than

<br>

(ae

<br>

la| =|<a>|

<br>

= |<a|

<br>

[:

<br>

gcd(n, k)

<br>

n

<br>

d

<br>

. (4)

<br>

then,

<br>

[:: lal =n]

<br>

gcd(n, k) l* From equation (4)]

<br>


