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Binary Operations

() A binaty operation () on any set *G"is a mapping * : G X G = G is the ¢,

Artesian Pre

d ’ # Ird : ‘
sell, 1tis as denoted by 0, ., @ ele, duth”.
. ;
() - tare (he binary operations on Intcgers.
(it) Division is nota binary operation.
Groups
A group < G, * > can be defined as non empty a set ‘G’ which is closed under a binary ra—
ion
that. at it satisfies the following propertics. oW

(i) Associntivity
(arb)yrc—ax(bxc)Vabce G.

(i) ldentity
There exists an clement ‘¢’ in the set *G’, such that, e xa=a*e=aV a € G. Where ¢ js i, idery
in G.
(iii) Inverse
There exists an element a’in G for each a € Gsuchthata*a’'=a'*a=e.
Where a'is the inverse of a.
Elementary Properties of Groups
(i) Uniqueness of the Identity
1t states that “In a group G, there exists only one identity element”.
(ii) Cancellation Laws
Let, a, b ¢ be the elements of a group G.
ba=ca = b=c (Right cancellation law)
ab=ac = b=c (Left cancellation law).
(iii) Uniqueness of Inverse
It states that “For each element a in a group G, there is a unique element b in G such that
ab=ba=e¢e".
(iv) Socks-Shoes Property

If a, b are the elements of a group G, then
(ab)'=b"'a.

Abelian Group
A group (G, *) is said to be an abelian if it satisfies commutative property.
je.axb=bxa,Vabedl.
Order of a Group
The order of a group is the number of elements of a group G. It is denoted as | G |.
Order of an‘Element of a Group
The order of an element of a group G is the smallest positive integer ‘»” such that a” = ¢,
It is denoted by |a|=n

Center of a Group
The set of alla € G that commute with every element of G is called center of a group G. It is denoted by
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group is cyclie. " 9"OUP of a cyclic |

Answern :
Cyclic Group

Agroup G’ is cycelic if there exists

an element a € G such that G = (@' e
7}, where ‘a’is a generator of ¢ ;. SR>
= "1"]1 VAR . c1e, G =
<a>=d'|n € Z} is a cyclic group /
proof 3

a [ran k] -~ . . d
Let, “G” be the cyclic &roup generated by ‘o,

= G=<g> =0 vab _S(,-L U.S [,:IC-“,
_E(?,t/)/) ‘H’ be a subgroup of ‘>
Every element of H is also an element of G

= a'e€ Hforsomene 7+

Let g be the smallest integer in Z* such that ¢ e H
be H=be G

= b=a'forde Z

From division algorithm, there exist two unique
integers ‘s’ and ‘7’ such that,

d=gs+r,for0<r<g

— a‘=qagirr
= (@) a
Buta? e H= (a?y € H
= ag*=>a®*eH  [vaeHa eH]
. adareH |
= agla*eH
= a¥eH

— a"EHfOI'OSr<q

This is a contradiction unless ¥ =0
s, d=gs
Thus, b = a’=(a") = b € (a’)

= H=<a>

H is cvclic.
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Lot M be

any suhgmup of <g>

Where, /w Beove {
MAs the e

A8 positive integer such thatam"e
Fr(\l'ﬂ the prope

1y of eyelie group i.e.,

It |<u?~*|‘-'—‘n then ¢ =
5 Let b be any arbitrary member of 1
Let p = p for some &
From division algm‘ithm,
Y=g+
= k= mgq [ r= 0] ==
= a'=gw = CE
As, b=e=a‘=a”
= a = g™
= n=pyq
Hence, the order of any subgroup of < g > 1s a

divisor of »

@\ Letx Tepresents the positive divisor of n
®) -
g roperty of eyclic groups i.e.., if a is an

Property of eyclic group
| el

ment of order 7 in a group and A

1s a positive integer,
- then

-
<a‘r>=<agui{n.&)> and . % A

|ak]= n

ged(nm, k)

B ]

< aT > has order 2 .

1 =1 _,

n\ n k
ged(n, F) k
Let H is a subgroup of < a >
ButH=<g">
Where,
m is a divisor of n

Then,
m = gcd (n, m)
k=la™|

n,m) e / (I
E— |a§l:d(? ] ng(n’nr)

k=

_m=

G CINE

e

SH=<g">=<gf> |
: u
Hence, the group < g > has e_:;actly one subgroup

n - -
i & itive divisor k of 1.
oforderkie, <gf > for each positive divis _



Q64 Prove that n' roots of umty form a cycluc

group of order ‘n

Allswel' : y e

X

S e
T o Al e

'From the standard identities of mgonometry,
~ 1=cos0 + i sin0

1= cos (2mk) + i sin (2mk)

Where

| k= 0 1,2,. (n—l)
1”" = [COS(an) + i sin (2mk)]"

L 2m . mk
1Yn =CO0S——+ Sin ——
- R n
o =gtk cos 0 + i sin 6 = ¢"]

The #* root of unity is given as,

™" where, k=0, 1,2,.., (n - 1)

~ Let, G={a"=1, 0, 0? ..., @'}, where

- of=e®fork=0,1,2,..,(n~1)
‘G’ is a group under multiplication.
Moreover, ®’=1=¢e

o'=w
0% = 0.0
o™ = w, 0.0...0, (n - 1) times

Therefore, every element of G is a power of ©

G=<0>

‘G’ is a cyclic group of order ‘n’.
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<7 compeitiE AR EATRRENatierms on both sideg
i~[=0
fmf
= a'malibandonly ifi = j when g has infinite

nl"l"'r' 3 . 5
i) Cas¢t (') t<a>= e, ua, @, ey d” >I}
( Let, 71 be the order of a,
oy al=n=n is the least positive integer such that.
a'=e (])
Let @ represents an arbitrary member of cyclic
proup <47
} JFrom division algorithm,
k=nqg+rwith0)<r<py . (2)
a=a’"’ [ From equation (2)]
=a". a

=(a").a

=el. a [ From equation (1)]
=e¢.a
=a0<r<n
=X
k lies between O and n i.e,, 1,2, 3, 4, 5, ......... n
= {dad.da,....... a1}
= {ea,a,ad,.... a-'}
= <a>={eada’, a,..... a '} '
<a>={e,a,a a, ... a1}

Case (ii) : »n divides (i — )
Let,a'=d and i >

I

a
= _—J"=€
a

= dJ=e
i—j=ng+rnwith0<r<np .. (3)
[ .- From equation (2)]
aitr=e
al.a=e
(@y.a=e
(eyf.a=e [ .- From equation (1)]
e.a=e
a =g
L a =q°
F=0
Substituting ¥ =0 in equation (3),
I—j=ng+0
I=j=nqg where,q € Z
n divides ; — if

al':_ x . ‘1: .desi_.when‘a:
has T if and only if # divi J

Uyuuyuyuy

U
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(1)

(11)

(iii)

(iv)

composition is associative in G and H.

in G

Given,
H 1s a non empty subset of G
Let,ab'e HV a,b e H
a, beH
= abl'eH
Let, b=¢g
= aa'e H
= eeH
ee H
eceHaeH
= ea'eH

= agaleH

ecH beH
= ebleH
= bleH

acHbeH= ab'eH
Let, b= 5"

= alb)'leH

= abeH

I,“"/-""

.’ y V
e

: iy o
B

/

The closure property is satisfied in /4

ab,ceH =ab,ceCG
= a(bc) = (ab)C

i.e., All elements of H are in G and the

Hence, H forms a group with the same operation

H is a subgroup of G.

Converse: Let A be a subgtoup.
By closure axiom: a, b e H=ab c H

@)
(i1)

By inverse axiom: a, b € H — 4! eH bleH

acH,b'e H= ab' ¢ H.
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Let G be a group and H,K be two
subgroups of G. Then show that

HK {hk|h € H keK} is a subgroup of G.

Answer : (o) June-18 Q9(a)(i)
| Given, ‘ |
Gisa group .
H, K are two. subgroups of G

- HK = {hklh € H, keK}
 Let a, b be any two elements of HK

1.€., abeHK
= a= hﬁpb hk
- Where, ik
| h h“heH

: k k= k € K

E Condltlon i ' | . | |

E > The product of the two elements of H is 1tse1f an

- "element ofH SR ' - ' *

| -ab_hk hk
=h, h2 kl k, .

et '—-hkeHK
abEHK




Condifion 2
The wdentity element, ¢ ¢ HK
Condifion 3

The mverse of an element of 74, K 18 usell an
lement of &, X

Since,
i, € Hand & &, € N
Also a'=@Gk) =k 0"
o= (h k) = k._z"‘ i,
(ab)“‘ =g H!
=k A
e KH= HA
o HKisa subgroup of G.
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W

ooand b be two elements of an
abelian group and let n be any integer.
Show that (ab)"=a" b" and hence deduce

that (ab)-* = g-1 p-1. Is it true for non-
abelian?

Answer :

(1)

Let, G be an abel;
Let, a. b

an group

are the elements of G. .
= abedG

Let, n be any integer,

n is a Positive Integer

Let, (ab)" = gnp» e

Substituting, n =1 in equation (1),
(ab)' = ab

=ad'VabeG

Equation (1) is true for » = ]
Let, equation (1) is true for = k,
=  (ab) =gt b*

Consider,

(@b)**! = (ab)* (ab)

=a*b*ab
=a*(b*a)b [ Using associativity in G]
=a'(ab")b [‘ Gis abelian 1.e., ab = ba]
= da*a.b*b

s a‘:-i lb.’.'*'l

(ab);ﬁ [ at lbk'i l

Hence, equation (| )is true for n =k + |
From mathematical induction,

(ab)' = a'b"istrue V n e N




() nis a Negative Infoger

11 AN @ negative integer, then 2 is a positive
ntent

Constder,
(D) = (da)* | (s abelian)
((da) N | o= (=1) (~=n)]
From the propety of aroups,
L, (@h) = dig
= (D))= {ath )y
= (@) (b )
= gt o
(@) =" Va, b e G\
Substituting, 7 = -1 in above equation,
(@h) ' = (ba)! [ G is abelian]
= g1 ht
(@) '=a 5 when G is abelian, A
The condition is not true for non-abelian group.
= (@byza"d"

(@d) =@ when G is abelian and (ad)" = a* b
when G 18 non abelian.

! P T T—————
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G/ Prove that the set i, R) =

ab “
e d
{

non abelian group with respect fo matrix
multiplication.

N~

1S a3

a,b,c,d eR, ad —-bec £

(OU) May/June-19, Q1
OR |

Show that GL(2, R) is a non-abelian group
under matrix multiplication. (ku)pp-1, o1

OR
Show that the set
ab

C
forms a group under matrix multiplication.

GL(2,R)= {

\;a,b,C,dER,.ad—bc;&O}

. Answer : i .= (MGU) May/June-18, Q1

Given set 18,

ta b |
-- GL(ZR)=J a,b,c,d€R, ad—bc#0
| l: l p d s Uy ‘ .
| a, b
A g=| | ecLenr
' C1 dl | Co dz

= detd=ad —bc #0
= detB=a,d,~b,c,#0

T




oy /'| (v D
Al

] !f| ™y ¢l

ay h;l'\ Hlf'_- | /’UI-
Al

t'|t!;\ | tl|<‘-u 1" ’1-'._ | ‘/I‘IJ

i\*luliipliv:ninn 18 closed in G2, R)
Then det(any - (detadet 1)

— gy
2 () l : '

det(AB) « Mo

Le., Product of (wo matrices with | —_— '

nNon-zerg determinang i SO 4 mateix willy e

non-zero dv!crmin:mt.

r\ssnciutivily o matrices can alyo be proved,
TP i (o
I'he ldcnllly 1S

0 1
) I 0
1.e., det =] —~0=1x(

01

L a b I d -
The inverse of T —

c d ad —be| o

GLR2,R)isa group under matrix multiplication,
Non-Abelian:

GL(2, R) is said to be an abelian group il i
satisfies the following condition

AB = BA
U] as + f)| &) a !}2 |- hl (‘12. .
b ] — - i I
A8 ) an . dl Cy /’2 < (,] {/2 ( )
Consider, |
[ a, by ||« b
e ¢ dy||e d
aapt by arh by d,
BA-_—[*'_F_;'.' -;'4,;)/ . (2)
.(.‘2(I| ar ) &) N adrd

From equations (1) and (2),
AB # BA
= GL (2, R) is non-abelian
The set GL(2, R) is a non abelian group under
matrix multiplication.

e pr—




Given that,
I

a b || with ad —bc™
S (2. F') = ] c d where 4, h, ¢, c =] Q
(1)

n a field of real, rational or comple.x
(on) F=2, where p 15

—"_/j'_;

Where F i
nbers i.e. F=R, F=0,F=C

nul

prime. =
Claim: SL (2, Q) 1 non-abelian group ) }?A 1
Since, ;
Q* forms a group under .
multiplication.
i) Closure
= q bl _ ay bg
Let 4 = ) dl]’B_F Cy d2 ESL(2:Q)

Where, a,, b, ¢, d, & a,, b, ¢, dy, € Q with

a1d;‘b101= 1 andazdz—bzcz-:l
['." From equation (1)]

Consider,
P "’1 b ||ay b,
AB= ¢ d|le, 4

[a,a,+b,c, @by +bydy
c,a2+djc2 Cld2+d|dz e SL(2,0)

= ABeSL(2,0)
SL (2, Q) is closure.

(i)  Associative _

a b a, b
Ford=| ' }'|.B=|2 2
B d]]’ LZ dzjand
_ |4 &5
LetC=| ? d3JeSL(2,Q)

= (A.B).C=A.(B.C)
SL(2, Q) is Associative

(i)  Identity

a, b
o o e Ul .
et, A [c] d ] e SL (2, Q)

= o [ro :
en, there exist / [0 IJsuchmatAJ=1.A=A .

10f. ;
J= [ 01 ] in the identity matrix in SL(2, Q).

a bl

!
[ dl

LetA=

e JS’,[, (2’ Q}

,Alzar dl Hbf CJ-__]
Then there exist A~ such thafz
A1

Consider, adu“
A4,
Where,
A-—I = M
det(A4)
d —b
dj ()= !
A j( ) [_Cl a J
d -b
A7 S
= 71— [ From equatj
T onf,
ol b |. ;
¢ a |8 the mversemam‘m

- SL(2,0)isagroup
v) - Commutative Property

a b ‘
Let, A= CI d] and B = a b,
1 Y C, dz
ap= |4 || 2
' o d(|e d

_ ayay+bc, ab,+bd,
caytdc, ¢b+dd

a, b’; a b
Ba=|"2 2 1 91
4 {cz dz”"t dll
aya, +b,yc; a,b, +b,d,
c,a, +d,c c, b +d,d

= AB#BA
It is not a commutative
Thus, SL (2,-Q) does not satisfies commutafivt
property.
~SL (2, Q) is non-abelian group. __

39.) Show that every group G with identify®
such that x « x = e forall x in G, is ahelian

Answer : o
Given that,
‘G’ is a group with identity ‘e’ su
xxx=eVxeG
Lét, a,beG
= ara=eandb*b=¢

ODL-”.

ch that,

= a=~and b= h"! ) h



vV p— T ———
/ "'M

Gince,
abe G
_ axbe G
— (axb)*(axD)=¢

= (axb)=(a*xb)" [ eisanidentity clement]
= b % d—l
= h* q

= axb=bxaVabe(d

‘G’ 18 an abelian group.




w If* definedon Q* by a+b = -3—29- .Thenshow

that (Q*, »)is a group.

Answer : [March/April-17, Q1 | March/April-14, Q1 | March-12, Q1]

Given that, |

A A
* is the operation defined on QO "-}f' \ ,
such that ax* b= ._q_f?_ Valbe Q‘ "” . |
2 ’ Ui Ve
Q' is the set of all positive rational § f#'p & ¥
B, 20
number., R fid 45 o
(1) Closure
Forab e QO
ab
Teo
= axh= -%Q e O
(ii)  Associativity
For a,b,c € O
(ax b) x c = (_ajb_)* c
ex (!& (_c_) _ abc
2 2 4
. bc ‘
abc abc
2(2) 4
(axb)*c=ax* (b *c)
(iii) Identity
Forae O
axe=a [ eisanidentity element]
-~ %-a
= ae =2a
=> e=2¢e Q"
g i Ol 20,
2 2
=g
= a*xe =exa—=a
Therefore, ¥V ae O+, e =2 is an identity element
in Q.
(iv) Inverse
Forae QO
a*a' =e
= axa =2 [~ e=2]
aa'
i
= aa' 4
= a = ..4_eQ+




= ;) *q' = a*a=e 4
"'_- ——
elementd = el

¢ {here is an 7

Therefore, a€ O,

4 . Al ?
quch that a'= — is the inverse of ‘a .
d

. (@' ™) is a group.
mbers excep

yet S be the set of all real nu
—1. Define * onSbya*b—a-l"b
./
15, Q1

@

Answer :

Show that (S, *) is an abelian group

[Oct./Nov.-17, Q| march/April

Given that, :
is the set of all real numbers .- -

Lo

St
except —1. -
« is the operation defined on S such i
thataxb=a+b+abV a, beS )
Let. a. b.c € Swherea +b#c#F—1. ]
A set is said to be an abelian group if it satisfies
the following conditions.
() Closure
Forabe S .
asb=a+b+tabeS
(S.*)1s closed under *.
(ii) Associativity
Fora.b.ce S
(a=b)=* C—(a-'-b+ab)*c
—g+b+ab+c+(at+tb+ab)c
['.'a*b=a+b+ab]
—a+b+ab+c+ac+bc+abe
—a+b+c+ab+bc+tac+abc
Similarly, a* (b*c)=ax*x(b+c+ bc)
—aq+b+c+bc+a(b+ctbo)
—ag+b+c+bc+ab+ac+abe
= (a = b) xc=ax*(b*c)

* is associative.

(iii) Identity

Fora € S,
ax*e=a
== atetae=a
= e+ae=0 =  e(l+a)=0
—1

e=0 | : [ a#—1]




Similarly,
g Ha=etdted
()4 a+0.a
=5 (f
s gFETCEATd
' g € 8, e=0is an identity element g, ,
(ly) Inverse
fora & 5,
a*d =¢e
= ard=

-

= a+d4ad=0 [ arb=a+h+aj

=
=, a’(]~-i~a)+a‘:’0 = d(l+aj=~qg
—d
= * d' = " where, a #~]
1+ a
Similarly,

adra=d+a+da

—r] - .
+a+——>»(a)
I14+a |+ a

-
—_—

"t

-
—

(l+a)+a
I+ a
=—at+ta=0=¢e

= avd =drg=¢

—a
YV a < 8, there is an clement o' = T—- e S such
+d

—

that ¢' =

is the inverse of ‘a’.
| 4 a

v)  Commutativity
a¢bﬂa+b+ab=b+a+ab=b*a
"o (S, #) ig an abelian group.
1T A M, . .
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Q70. Let a be an element of ordern in a group
and let k be a positive integer. Then prove

i P
that <a*> = <avd . W> and |a*| = ged(n, k)’

[(MGU) July/Aug.-22, QB | (KU) May/Juno-18, Q2(b)]

OR

Let G be agroup Ganda ¢ G such that
la] = n. If K is a positive integer then prove
n

that,
<ph> = <goedn k> (] [ |
e and |s' ged(n, k)

(ou) Jan.-21, @10

OR

If a is an element of order n in a group
and k be a positive integer, then show

cd(n, K| = _____________ﬂ .
that <a*> = <avd""> and |a"| gcd(n.k)
(Ku) PP-1, Q9(b)
OR
Let G be a group and acG is such that
n

- k N | —
O(a) = n then show that O(a*) = gcd(n, K)

(where k is a positive integer).

Answer : (OU) June-18, Q9(a)(il)
Given that, . - e [T
The clement a has order n 1.c f'("'. 4 -/‘/’
' | =
lal=n -
= is the lcast positive integer i el
such that, e = I
a=e (1)

(i) Let, the gcd of n, k be d.
i.e.,d=gecd (n, k)
Let, k = gcd (n, k).r
= k=dr
Consider,
a=a”
=(ay
= <d'>g <d'> ves (2)
From the property of ged of two numbers, i.c.,
for any two integers n, k there exist integers s and 7 such
that, ged(n, k) = ns + kt
= d=ns+kt
Consider,
=gt
=av.a"
= (a'y . (a*
=e (aY [-.- From equation (1)]
= (a*y 75

= <g>c<d>




I'rom equations (2) and (3),

Yo
et m Ll>

i ‘,’n\‘tl(rl. A~

' ._-‘”.(_“-. .\“”nnlw.ﬂ)'f.
1
(i)  'Toprove | a’| = ¥
Consider,
/
(a")"("r =gd
=q
=e
= (a)d = ¢
‘ ‘ - '
= sy . (4)
If *7” is a positive integer less than {17 then,
(@) #e [ lal=7]
= | <a®> |

= <agcd('n, b~ |

b agcd(n, A)I

n N . .
ged(n, k) [ From equation D]

I

n
] ged(n, k)




