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%56 >State and prove Lagr
groups.

Jnge’s theorem on

(MGU) July/Aug.-22, Q10

State the prove Lagrznge's theorem for

OR
groups.
OR
State and prove Lagr

[(OU) Sep./Oct.-21|,

J |

Tnge"s theorem.

(OU) Jan.-21, Q11

Q16 | (KU) PP-1, Q10(a) |

(KU) MaylJune-18, Q3(b) | (m‘n‘;) May/June-18, Q10(a)(i) |

Answer :
Statement

If 'G' is a finite group and 'H'isa * f
subgroup of 'G', then |H] divide{s \G\ |

Proof

Let, 'G' be a finite group\ and 'H 'be \ e
the subgroup of G.

| (OU) May/June-19, Q3]
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dscosctof Hin G
[ € 15 abelian]
ficte a € G

«4,0,4, 8,12,16,

7
\

7143,1,5,9,13,17,

o

oY <
o,

43, -2, 2.6, 10, 14,

£+1,3,7,11,15,19,

\
4-1/.-- 0, 4, 8, 12, 16,
A%Li9J3. ...... \
ﬁﬁJﬁJm!& ...... |
]

joo =0+ H
guﬁn&u

fa w2+ H
=3t

ire digjoint sets
fnent between them

s B+ =G |

?fjnﬂﬂcﬂ * fﬂL,;‘f —2 +

ig.e’-s theorem on
EU) JudyiAug 23, Q10

ge's theorem for

{OU) Jan 31, QU

ge's theorem.
16 { (KU} PP, Q101

Margl dure48, QIOENTT

{01 MaylJune-18, QT

Cad g’ A ] gl

0573 Prove that a group of prime orde
_ cyclic. [(OU) Sep.fOct 21 quou;.m-m,
et OR

Lt the ovdes of G and Hbe ! 20 i

= {ffi=m
Let, a Hf, afd. ... ofi be distnet fefi "

in G, then,
Vorae, al = aﬂfmm:andgm

of cosets, ae afd
Fach member of G belongs 1o ope
cosets a J1 '
je., o H-.;a;H'J ..... ua,}{-—:G

= |a, ]!l 4+ na7H' + ...+ aH =G
From the properties of cosets,
laH| = |H] = m for each ae G
Substituting the corresponding vab
equation (1),
mAomt m {k times)=n
=  mk=mn

S . (an integer)

m
It can be seen from equation (2) that m di d
|H] divides (]

Show that every group of prime orde
cyclic. {OU} May/June-18, Q1
OR

State Lagrange's theorem in grot ’
Using Lagrange’s theorem prove |
every group of prime order is cyclic.
Answer : MarchiAprii-1€, Q10{a) | Oct-12,
Statement

If 4" is 2 subgroup of 2 finite group
(3", then the onder of # divades the onder
of G. ix., # dmides G

Proal
Lan *G" the group and prime numd
;waﬁmtmﬂﬁ@”h:ymm =

P W B o



Let the order of G and H be 'n' and 'y 'fw

éSpectinly
= |Gl=n
= |H|=m
Lot, a H, aH, ... a H be distinet lefi Cosets of e

in G, then,

Forae G, ald=atl lorsomeiand from Proper,
of coscts, ae all
Each member of G belongs to one of e

coscts ulH

e, aHOa HO ... U al =G

Applying modulus on both sides,
laHOa,HY ... Y a H| = |G|

= |aH|t la,H| + ... + la H| = |G] (1)

From the properties ol cosets,
laH| = |H| = m for eth acG |
Substituting the corresponding values in
equation (1), R
m +m +.....m (ktimes) = »n
= mk=n

= k=-- (aninteger) 1)
It can be seen from equation (2) that 7 divides n.

|H] divides |G.

| A a8l — & = sasemzzrs ~F myrirma ﬂrdel‘ iS
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'0’27 In a finite group, the order of each ele-
ment of the group divides the order of the
group. | -

. Answer :

Let G be a finite group and the orders of G is n
- ie., |G| =n

L Letae G

and the order of an elementa#e € G

|a| = m then
|H] = < a > is a subgroup of G#
and |H]| = m
—  |H] divides |G|
|a| divides |G|
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129. Suppose G is a finite group and leta  G.
Then prove that a'® =e.

\nswer : (OU) JunelJuly-22, Q6
Let, 'G' be a finite group and 'H' be the subgroup

f G.
Let the order of G and Hbe 'n' and 'm' respectively.
= "|Gl=n | |
= |H=m

Ifa; H, a H, ... a H are distinct left cosets of H
n G, then

laHUaHU ....uaH = |G|
= |aH|+|aH + ... +|aH = |G| .. (1)
From the properties of cosets,

laH| = |H| = m

Substituting the corresponding values in
equation (1), A0
m +m~+..... m (k times) = n
= mk=n
n

= k= ;(2)

It can be seen from equation (2) that m divides n.
|H| divides |G]|.
Now, |G| = |a| k for some positive integer k.
i Thus, alfl =gk =k =¢

G
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RS et Dl

Proof :
Let ‘G’ bea finite group

Ifa e G then for every X€E
ax € G.

Consider,

A functionf,: G— G defined as

f(x)= axvVxeG
f is One-One
i x,ye G
= f)=10)
= ax=ay
= x=Y
J,, is one-one

i ct
G. there exists @ produ
?

f is Onto
If x € G, then there ex1sts a' x e G such that
flr'x) =a(a@’x)
= (aax
= ex
=x [-.eis an identity element]
= f(@'x)=x
/, is onto

As f is one-one and onto,

/. is a permutation on G.
Let,
={f, :ae G}

To prove G' is a group with respect to product of
two functions.

Closure
a,beG
Let, 7, f,eG
= L) @) =1, [f,(x)]
. =1 (bx)
= a(bx)
= (ab) x
=/ ()
L1 =f,VxeG
J.»€ G'since abe G

G'is closed unde
Assocxahwty a,b,ceG

Let, 1, A e

RERL AR
“Jatio
t‘f(‘ab)r:
:‘ff.rb f

s UL
f(ff) (ff)f 5

G 1s assocnatlve

r multiplication,



Existence of Identity: The identity cleme

= e m
A el
-_-__f;
b all) il
=7

/. 1s the identity element in G
Existence of Inverse: Asae G

= ale G
u"lj“ j:r la -f;-

_ffl-—_ I""'f

g = lis Ihu inverse of 1 in G.

G is a group
Consider, -
A function ¢ : G — G defined as,
pl@)=fVaeG
¢ is One-one
abe G
d(a) = $(b)
Ja™=Ts
J.x)=f(x)
ax = bx
a=b

¢ is one-one

DU U

¢ is Onto
L ed
Forae G
fla)=7,
¢ is onto
¢ is a Homormophism
Ifa,be G
- aeGbeCG

52 ryea n? e

= abeC

Then, ¢(ab) =7, _ 4
=1, Sy
= (a)dp(b). :

¢ is homomorphism

Since, ¢ is one-one, onto and homomorphlsm,
]
is an isomorphism from G => G'.

G = G

R g By i By B il WS N R -
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theorem
inswer :

- o and prove Orbit-Stabilizer

statement

Let G be a finite group of permuta- |
10ns of a set S. Then for any i from S,

IGI = 0rb(2) [Stab, (i)

Proof

Let G be a finite group of permutations of a set §.
‘Let H represents the stabilizer of i in G
= Stab (i)=H

Let K represents the orbit of ; under G
= Orb ()=K

CE)

. (2)-
Stab_(i) is a subgroup of G as it satisfies the
properties of a subgroup. -

= H s asubgroup of G

According to Lagrange's theorem,
}—g—} represents the number of distinct left cosets

of Hin G.

There exists one-one correspondence between
left cosets of H and the elements of K

G A '
= }HI—K | it (3)

Let, a function T given as
T':{oH:ae G} > {d(): ¢ e G)
[ T(H) = §()]

'T 1s'said to be one-one correspondence 1f it satis-
fies the following conditions

@) ' TMis well_l,_deﬁned
(i)  'T'is one-one
(iii). 'T" is onto



60

(1)

(i)

' :L'

R TR

(iii)

one correspondence between t

Ly v el

Let, the group G has permutations o and B
Let, aH=pH

= o'BeH
[ Using the prOpemes of cosets]

o B(i) =i
ao B(i) = o)) |
eB(i) = af(i) [ oo = e]
B = a() ["ce=1]
T(BH) = T(aH)

(or)
T(oH) = T(BH)
I o = BH, then T (aH) = T(BH) ... (4)
T is well defined.
Consider,
T(aH) = T(BH)
a(i) = B(7)
olou(d) = o 'B(7)
et =o' B()
I=o B(i) for each i in S
a'BeH
oH = BH

b

| (5)‘
[*" From properties of cosets]
T 1s one-one function,

Let, j be an element of X,
Ifj € K, then
J=a(i) for some o € Gand; S
= J=a() = T(oH)
=  J=T1(aH) |
T'is an onto function.
From equations (4), (5

. (6)

) and (6), T is a one-

he left cosets of H and
elements of K.
IGl =|K ‘*F : :
THT |K| [ From equation(3)]
= |GI=|H K] : - (7)
Substituting equations (1)and (2) ine

quation (7),
= [Orb (1) |Stab (3)| ‘

161 = 10eb() Sta ),
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w51, Show that the set of even permutations
in S_forms a subgroup of S. 7

Answer : (KU) July/Aug.-21, Q3

Let, 4 be the set of even permutations in S

and .,  be any two elements in 4 i.e., o, B € 4

From, two-step subgroup test,

Let G be a group and H be a non-empty subset

of if G,abe HVY a, be Hand a'eH V¥ a € H, then
H 1s a subgroup of G.

From the definition of Even permutations,

a is expressed as product of an even number of
2-cycles.

and B is also expressed as product of an even
number of 2—cycles

= o is also a product of even numbers of 2- -cycles

= ofed

g —/”‘(exfe n xe M E
Since,

4 | "’ajcm/@

i q Q'(;{_O\ Q_D\.

‘ e |
inverse of product of an even number of g
2-cycles is also a product of an even number of 2 cycles.

ie.,

Then o™ is also a product of an even number of
2- cycles

= Ve A

L)

From equations (1) and (2),
4,<8

‘1.e.; The set of even permutatlons in S forms a
subgroup of S,
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bh' "r jf(ah’)

fis (mto
ifz ah <—> bh is one-one and onto

laH) 5= [bH].
aH is a subliwroup of G, ifand only ifa € H.

Let aH beltlae subgroup of G

:>-eeau] . [re e ]
AlsoeeeH

= aHmeH;tO

= aH= eI‘{ H

—> aH=,!H:' : [roaH=H = a € H]

= aeH}i

T U

2; S a,H be the different left cosets

l

For each a € ;J,
= aH=akl where 1<ig k
aec aH_E

Eacha e G mustbelongtoa, He aH for1< i< k
3] ~

i TRy

M

o s Ly -
T P T e T T T I s
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H) UG+,

0 is the identity clunuﬂ im O
G is abelian .
Let H be the subset of G
H=<4>=47=1{..... ,—16,—-12,-8,-4,0,4,8,
....... } ;
= H=ZG f
The left coset ofH in G = RlE‘llt coset of Hin G
[ .- G is abelian]
Cosets ofH mGarea-+ H wlhere aec G

O+H=1{....—16.—1 ;—81 4,0,4,8,12, 16,

l+H={...—-15,— n-;JK3J,i9J3J7,

2+ H={ M—JQ{A—L&6JQ1¢

3 e

34 H={y—13,—9, - 5f7117JL111%
| |

4+ H={..,-12,-8,-{4/—0,4 8 12, 16

SHH == 11,-7,-31,5,9,13, )
OFH={....~10,-6,-2,2.6,10, 14, 18, ..... )
It can be observed that, l f
4+H=8+H=12+H=.(..£...=0+H

S+H=9+H=13+g= ||

.;=1+H
6+H=10+H= 14+H= ). .. =2+ H
7+H=11+H=15+H==;’} ...... =3+ H

O+H,1+H,?2 +H, 3 + K *{re disjoint sets

1.e., there is no common eliement between them
And(O+H)u(1 +H)U(H+H)U(3 +H)=G
. The cosets are, 0 +{I?’) VA+H) U@+




Deﬁne ATt iiaungy gr°up of de Vi A —

green. A)
hat A ha n! so
prO"e t , has order_i_ ey s f.

(ou) Mayldune-w. Q9(b)

OR

por n > 1, show that A hjag order N!

(KU) pp..
OR )PP, Q3

forn > 1, show that the élrernatin

A _has order —“EL Qgroup

wer *
rnating Group

An alternating group on aset can be
fed as @ group of all even permutationsg
finite set. Foraset {1,2, ., an

(0U) June-18, Q2

jef _r;z_' and is designated by A

bf: Let, S, = {e, e, ... e, 0, 0y ... 0} be the
utation group of order n!.
Here e, €,, . . . €, are even permutations
0, 0,, . . . 0, are odd permutations
IS, | = n!

. Let ¢ be a transposition in S since multiplication
permutatrons satisfies closure property,

{el,e.,,- e) (O!,O O)ES
(e, te,, .. .te, 1o, t0,,...10) e S

Since # is an odd permutation,

= fe,fe, ...te areall odd
. And, o, fo,, ... to areall even,
~ Let te,=tefori=m, j<m

e,=e, ['. Left cancellation law]
Since S_ is group, e, =e 2 is absurd.
= fe,* te
The m permutatrons te, te,, . . . te, are all
: lstmct ins.

and S has exaclly n odd permutations.
m=n : - (1)

- Similarly, » permutations f0,, to,, . . . fo, are all
‘ stmct in § and S has exactly m even permutanons

nsm - EQ)

From equations (1) and (2),
1

m—n=ﬂj—- - [em+n=n!]
Number of even permutatlons = Number of odd
- permutations
il

; There are equal number of evenand odd permutations.



w
m

i - utations
Let 4 be the alternating group of perm
1aving n degree,

Then |4 <2 [+ |5|=n!]

' n!
4 has order 5
n




op e S,
o= (124536)

B=(14325¢)

(123456)
a:

B 1.C.,
-.'.r :

452361,
123456

246531)
(123456)

(246531) (452361

Let o, P € S, and o = (1 245 3 6 ‘

(143256) then eva|u

am

F23456]

b 123456) wi

Il

(123456)
, .\2 46 53 1 )
g*'uﬁl 123456}
165243,
ﬂ23456‘
24653 1)

Il

I Il

|

3461200
123456)

(634125)" .

[123456}
634125

| i H
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t

[123456], '

pABSIL et

123456) (it L
A8 x gy fen ot |
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] then compute

(a) o' (b) Ba (c) oP

(MGU) July/Aug.-22, Q2
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—— ~Ceay, §f
Answer 3 = m {
Giiven jwrmulnlions are, o &l K
| 23 45 (’] : f
a=|p 1 35460 ;
12345 ﬁ] "

= I(, | 2435

The value of «~' can be obtained as,

L 2345 6]
o'=lp1 3546
[} o can be obtained as,

(n)

(h) The value of

| 234561 234
L :
2 612435_21-354612
123456 6] 1
for=1]y 6 2 3 45

(¢) The value of af} can be obtained as,

(123456][1 23454
aﬁ“213546[61243§l
123456
aB=l621 53 4l
,“‘; -123456 =
@"”-5*‘“"“'[31 35 ¢ 2) thenfing

2014, :

March/April-15, Q)

Answer :
Given permutation is, -
I-- 274
_123456 ‘w.ﬁ‘.
=131 4 5 6 2 UL
The value of 62" can be obtained as, | ;}/1"
c’=0.0 7 'i(

__[12-3456]234‘;;6
=131 456 2 31456:2)

(123456'
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Thus, 62*'* can be written as,
0_:[}]4 — 02010 0—1

= (o%)3 04::‘(1)335 o'=7 ot = g
(1 2 3 4 5 ¢
6 3 2:70-3'4
5
3

0141234
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Permutanon

A permutation of a get « 4 i
D N S defineq

a8 a fy 1 2
Transposition ACHOn £ A4 5 gr

hich is both One-to-one and onto,
A cvele of length 2 known ag ranspositjq

n.
properties of Permutaﬁon

(1) Every permutation of 5 finite set ¢y

(iv) A permutation can pe either evep op 0dd but not hog
1.

Even permutation

Group of Permutation

A permutation group of a set 4 is defined as a set of permutations of 4 which form a group under composi-
tion function.

Coset

If H is a subgroup of (G, *) and a € G, then aH = W@rh:iheHand Ha={hxa:h e HY are called the
cosets of # in G.

afl is the left coset and Ha is the right coset of H.



10.

1L

12

5 2

4.

15.

"Ni"‘.: operties of Cosets

. cubgroup of G.
Lol @, b be the elements and 11 be the subgrouy
ALy

[i} TS u”

iy alt - Hiland onlyilaell

(i) all=bll ifand only it @ € bH

(iv) all=bHor al \bH = ¢

(v) all=bililand only ifa-boH

(vi) |all|=|bH|

(vii) all is a subgroup of G if and only ifa e H.
wiiy Uall=G

ac O

Lagrange’s Theorem " Q¢
i divides | G |”.
It states that “if G is a finite group and H is a subgroup of G, then (H) |G|

Index of a Subgroup

The number of distinet lefi or right cosets of subgroup H in G is called as index of a subgroup. It is denoteq
by | G: .

Ovrbit-stabilizer Theorem
1f' G is a finite group of permutations of a set s, then for any from s.

| G 1=]0rb, (i) | Stab,, (i) | ]
Where,

Orb.(1) = Orbit of ; Under G

Stab_. (1) = Stabilizer of i in G.
Isomorphism

The homomorphism ¢ : G — G is said to be isomorphism if it satisfies the condition.
ker ¢ = {e} i.c., f'is both one-one and onto.
Properties of Isomorphism

() ¢' G — Gisan isomorphism.

(i) G=<a>ifand only if G =< ¢(a) >
(i) |a|=|d(a)|forallae G

(V) G=G* G*=G** = G ~ G**

Cayley’s Theorem On Isomorphism

It states that “Every group is isomorphic to some permutation group”
Automorphism

If G is a-group, then the isomorphism of G onto itself is known as automorphism

4 \'I‘I"I'I'l T ww 1 AT ATy
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